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Abstract 



The AdS/CFT correspondence is established for the case of AdS3 space compactified on a filled 
rectangular torus with the CFT field on the boundary. 

1 Introduction 

The AdS/CFT correspondence jl], ^, |j is currently under study in various respects. One may check 
its validity for the case of interacting fields |j| (multi-particle scattering in gravitation theory, etc.) 
but it would be also interesting to check whether it holds in cases where the space-time geometry is 
more involved than the spherical one. 

In jfj), it was proposed, starting from a two-dimensional (compact) manifold M, to consider a 
theory on the space M x R + endowed with the AdS metric. From the topological standpoint, this, 
however, results in a singularity as s E R — > +oo (because M is not necessarily simply connected), 
and one must impose an additional condition on the fields of the theory (the fast decrasing at infinity) 
in order to make the field configuration smooth. 

In this paper, we consider the case of AdS3 x S d+1 space and confine ourselves to the massless case 
(the case where the internal degrees of freedom w.r.t. the internal compact group S d+1 , d = 2, 3, . . ., 
are swtiched off). However, this is only for the integrity of the paper, and all the main stages of our 
consideration can be generalized to the massive modes of AdS n x S d+1 space. We also consider the 
case of a homogeneous compactified AdS3 manifold without (topological) singularity in the interior 
(we just have no boundary as s — * oo; note also that our calculations technically resemble the bulk 
calculations of ||). We show that the classical scalar field theory on the AdS3 manifold gives us the 
appropriate quantum correlators. 



2 Geometry of AdS3 manifolds 

The group SL(2, C) of conformal transformations of the complex plane admits the continuation to the 
upper half-space endowed with the constant negative curvature (AdS3 space). In the Schottky 
uniformization picture, Ricmann surfaces of higher genera can be obtained from C by factorizing it 
over a finitely generated free-acting discrete subgroup T C SL(2, C). Therefore, we can continue 
the action of this subgroup to the whole AdS3 and, after factorization, obtain a three-dimensional 
manifold of constant negative curvature (an AdS3 manifold) whose boundary is (topologically) a 
two-dimensional Riemann surface [Q, |s) . 

We consider the simplest case of a genus one AdS3-manifold, which can be obtained if we identify 

{w,w,s) ~ (qw,qW,s\q\), (2.1) 
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where q = e a+lb is the modular parameter, a, b £ R, a>0,w,w = x + iy,x — iy are the coordinates 
on C, and s is the third coordinate on AdS3. 

Adopting the AdS/CFT correspondence approach, we should first regularize expressions in order 
to make them finite. In the AdS n case with the (brane or black hole) singularity at infinity, this was 
done by setting the boundary data on the e-plane [^| rather than at infinity (zero plane). However, in 



our case, we cannot take an e-plane because it is not invariant w.r.t. transformations (2.1). Instead, 
we can set the boundary data on the e-cone — the set of points 

zjr = e, r 2 = ww + s . 

Given the boundary data on this cone, we fix the problem setting — the Laplace equation then has 
a unique solution (the Dirichlet problem on a compact manifold) and we do not need to introduce 
additional constraints (as in the case of AdSs). 

Geometrically, performing the e-cone regularization and factorization over the group T of trans- 
formations fl2.l| ), we obtain the filled torus whose boundary is associated with the two-dimensional 
manifold (the torus) on which the CFT dwells. The "center" of the torus is now the only closed 
geodesic of the length log \q\ (the image of the vertical half-line z = z = 0), and the AdS-invariant 
distance r from this geodesic to the image of the e-cone is constant, coshr = 1/e. 

3 Scalar field on AdS3 in spherical coordinates 

In order to operate with the cone geometry, it is convenient to re form ulate the free-field problem on 
AdS3 in the spherical coordinates r = e T , 9, ip in which relations ( |2.l| ) read 

(r,9,ip) ~ (r + ma, 9, ip + mb + 27m), m,nGZ. (3-1) 

On the cone sin# = e, the usual toric periodic conditions are imposed on fields depending on the 
two-dimensional variables r, ip. 

Spherical coordinates are standard, 

s = r cos 9 d s = cos 9d r — £ sin 9de 

y = r sin 9 sin <p d y = sin 9 sin ipd r + £ cos 9 sin ipdg + rs l g cos <pd v (3.2) 
x = r sin 9 cos tp d x = sin 9 cos tpd r + - cos 9 cos (pde — r J n8 sin tpd v 

The action of the massless scalar field i> on AdS3 is 

= I r tan 9dr d9 dip \ d r $d r <f> + Xrde<S>d e <S> + - 1 9 d v $d v <b 
J L r r 2 sin 9 

= / t8n6dTd9dw\d T $d T $ + de®d g $ + — ! j-d v ®d v $ 
J { shr 9 

It admits the variable separation: 

$(t,0,<p)= ^i{r)Y k>m (sin9)X m (ip), (3.4) 



(3.3) 



k,m£Z 

where 



X m (<p)=e* m *'; d 2 v X m = -m z X m , (3.5) 
and for the function Y/c jm (sin#), the eigenvalue problem arises 

cos ( sin \ 

-^S d e -dgY km (smO)) r^- Y km (sm9) = \ k Y km (sm9), X k > 0. (3.6) 

sin 9 \ cos 9 I sm 9 
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We substitute p for sin 9 and consider the problem on the interval 1 — e > p > with the regularity 
condition at p = 0, 



p p{i-p) 



At 



1 -p 2 

The equation for the radial coordinate, 

$' fe '(r) + A fe $ fe (r) =0, 
determines the values of Afc consistent with the periodicity conditions 

$(T + log\q\,6,(p + axgq) = $(r,6,<p), 
where q is the modular parameter of the torus, 

q = e a+lb , a,b S R. 



Yk, m (p). 



(3.7) 

(3.8) 
(3.9) 
(3.10) 



Now Eq. ( p.8| ) can be easily solved, A& = —mb/a + 2-7rfc/a, and Eq. (3/7) can be reduced to the 
standard hypergeometric equation whose general solution that is regular at 9 = yields 



T x C fc>m x Y k:m (sin9), 



m,fcSZ 

r. /nlmi t-, /l TO l .-mb + 2irk \m\ .-mb + 2nk ,.■<,, 
[sm0]l" l ' 2 Fi f^+i ^ ' 2 ~* 2^ ;H + l;sin^) ,(3.11) 



yfe jm (sdn0) 

where 2 -Pi (a, 6; c; z) is the hypergeometric series, 

00 

2 F 1 (a,b; c;z) = ^ 



k=0 



{a)k{b)k k 
(c) k ■ k\ ' 



k-l 



and Ck, m are t he mo de amplitudes. 

Expression ( 3.11 ) is singular at z = 1 and we must find its asymptotic behavior for z = 1 — e. The 
standard formula 



2 F 1 (a,b;c;z) = T 

+r 



c, c — a — b 
c — a, c—b 

c, a + b — c 
a, b 



2 Fi(a,6;l + a + b - c; 1 - z) + 
(1 - zf- a - b 2 F l {c -a,c-b;l + c-a-b;l- z)(3.12) 



works for c — a — b $ Z, while for c — a — b £ Z another exact relation holds (see, e.g., formula 7.3.1.31 
from §), 



2 -Fi(a,&; c;z) 



= r 



c— a+6+m 



to, a + 6 + to 
a + to, 6 + to 



(a)fc(6)fc i l _ z f 



f-^ felfl - to)*. 1 



fc=0 



a + 6 + to 
a, 6 



(*-i) w £ 



fe=0 



(a + m) fc (b + m)k 
fc!(m + fc)! 



(l-z) fe x 



x 



[log(l - z) - *(fc + 1) - + to + 1) 
+#(a + k + m) + *(b + k + to)] . 



(3.13) 



Here \I/(2;) is the logarithmic derivative of the T-function. In the massless case, we need only the case 
m = 1 in (3.13) and are interested in the asymptotic behavior as 1 — z ~ e —> +0. 

Coefficients Ck, m determine the boundary values of the field $. Then, for action (3.3), we obtain 



2tt psin0 — l — s 



dr / dip 
1 Jo 



sm ( 



d9 

sin 0=0 COS 
2tt 



d T $d T <S> + d e §dg<$> + —L-0 $0 $ 



sm 



f a f 27T d 
/ dr d(p$(r, 1 — e, <p) sin <&(t, sin fl, <p) 

Jo Jo a sin ft 



(3.14) 



sin 0— 1— e 
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Keeping only the logarithmically divergent and finite parts as e — ► 0, we obtain action (3.3) in the 
mode expansion (C% m = C-k,- m )' 



fe,mSZ 



- 2 + w 2 ^ [loge + #(|m|/2 + 1 + iw) + *(|m|/2 + 1 - iw) - 2*(1)] | 



Here 



m& 7rfc 
a 



2a 



e a+jb , a,6eR. 



(3.15) 
(3.16) 



4 Massive modes 



Including into consideration the "internal" (compact) degrees of freedom (assuming the compact 
manifold to be a sphere S d+1 ), we obtain an additional term in the initial action (3.2), 



dx dy ds < 2 



{s 2 d s $<9 s $ + s 2 (d x $d x $ + d y <5>d y <5>) + 1(1 + d)<f> 2 } 



= / ta,n6dTd6d<p{d T $d T <$> + de$>de<$> 



sin 



COS^ 



(4.1) 



Separating the variables as above, we obtain that the conditions on the "torus" coordinates ip and r 
are as in (|1|) and (3.£), and only the equation for the ^-component is changed, 



cosf 
sin£ 



d„ 



cos) 



;d e Y k 



m 2 Y k , 



l(l + d)Y k , 



0. 



cos^ 



Let us introduce a new quantity p, 



ip(p-l)=l(l + d), p>0. 



The solution to (4.2) that is regular at 9 = is 



(4.2) 



(4.3) 



(4.4) 



where io = -f 6 - + 2*. 



Importan t par ticular case is d — 2 (AdS3 xS 3 ) where p = 1/2 + 1 and we must use formula ( 3.13 ) 
rather than ( 3.12 ) in order to find the asymptotic behavior. In this case, the nonlocality is again 
encoded in the ^-function terms. 



5 Exact Green's function for massless modes 



Turn now to expression ([5TE ) . The term in braces is the Fourier transform of the Green's function of 
the boundary CFT held on torus. We are interested in the nonlocal contribution to Green's functions 
on torus coming from this formula and disregard all local terms (whi ch can be removed by a proper 
rcnormalizing procedure). First, note that the m-dependence in ( 3.15 ) can be set analytic. Using the 
standard formulas 



\f?( x ) — *(1 - x) - it cot ttx and *(l + a;) = - 

x 



we can rewrite the summand in (|3.15| ) as follows 

\m\ - 2 



m 

T 

2 



* (1 + |ra|/2 + iw) + * (1 + \m\/2 - iw) 

(7YI \ 
— + w 2 J [* (1 + m/2 + iw) + * (1 + m/2 ~ iw) + 

(1 - m/2 + iw) + * (1 - m/2 - iw) - 4*(1)] , 



2*(1) 



(5.1) 
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where the cot-terms cancel each other because of the symmetry w — > — w. 
In what follows, it is useful to represent the ^-function using the formula 



*(l + a)-*(l + b) = Y / ( T —^7- T -- 



j+a 



Now we aim at finding the Green's function of the Yang-Mills field insertions on the two-dimensional 
torus. First, note that the term (z^- + w 2 ^j in front of the summand is nothing but the Laplacian 
action on the Riemann surface, i.e., we obtain that the correlation (Green's) function is 



= E e ' 



21oge+ *(l(±)m/2±itu) -4*(1) 

(±),± 



m.feez 



2l0g£ + ^? 1 V~ Mf^FW^f) 



(5.2) 



The sum X)(±) ± m (5-2) means that we must take a sum over four terms with all possible appearances 
of the "+" and "— " signs. We distinguish between two appearances of ± signs by taking one of them 
in parentheses. The triple sum over ro, k, and I is rather involved. Note that constant terms are 
irrelevant to our discussion as they produce only local contributions (like d z dzSii(z,~z), where Sj l (z,'z) 
is the double-periodic two-dimensional delta function). 
First, we take the sum over k, 



E 



j 27rikr/a 



= f(r/a). 



in { i7rk_\ 

k=-oo 2 + I 2a a ) 

The function f(j/a) is periodic under the shift r — > r + 1 and satisfy the functional equation 

± ^d T/a f(r/a) + (l(±)y T ^) /(r/a) = ^(r/a). 

The (unique) solution to ( |5.4| ) that is periodic in r is a saw-tooth-like exponential curve 

/(r/o) = Ae^" for r/a e (0, 1), 



(5.3) 



(5.4) 



which is to be continued periodically to the whole R. Equation (5.4) gives 

±2a 



x = T2a(l(±)m/2) + imb and A 



Y_ e =F2a(i(±)ra/ 2 )+"no 

Therefore, the remaining nonlocal terms are combined into the sum 

_j_2 g T2(i(=t) m /2) T+imbr/a 



E 

i = l 



j imip—imbr /a 



const — 



E 



±.c±) 1 



,T2a(l(±)m/2) -\-trno 



< r < a. 



(5.5) 



Next sum to be taken is (see, e.g., Jlo| ) 

e mw _0{u-w\q)6'(0\q) 



8(w\q)9(u\q) 



\q\ > 1, < Rew,Reu < log|g|, 



(5.6) 
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where 9(w\q) is the standard antisymmetric theta function 9n(w\q), which reads in our convention as 
follows: 



hi(w\q) = Y q 



, (w+iri)(n+l/2) 



nez 



We exhibit the dependence on the modular parameter as it can be varied as well. In particular, we 
have both the q- and g-dependences. Substituting (5.6) in (5.5) and taking all sums over ± signs, we 
obtain 



2Re£ 



;=i 



+2ae" 



„., 9(2ilb - t - itp\e a+lb )6'(0 e a+v 

local -2ae 2llv -^-, ^' , J } ] ,, N 

L 1 9(t + iip\c a + tb )6(2ilb\c a + lb ) 

j 9(-2ilb -r-itp\e a + ib )6' (0| e a+lb ) ' 
9(t + iip\e a+ib )6(-2ilb\e a + lb ) 



(5.7) 



Let us introduce the complex variables 

z = t + itp, 



Z = T — lif. 



Unfortunately, we are inaware of whether sums of type (5.7) has been presented in the literature.^] 
However, we can proceed with an important particular case of a rectangular torus. This corresponds 
to taking the limit b — > 0, which must be nonsingular as follows from the problem setting. 

In the asymptotic regime b — > 0, the leading term, which may lead to a divergency in (^77]), vanishes 
because of the real part condition resulting from the w — * —w invariance, lim^o 9(z + 2ilb\q) = 
{6>(z|e a ), z / 0, 2ilb9'(0\ e a ), z = 0}, and only nonsingular terms contribute. These terms are 
obtained when taking the limit b — > in both arguments of the function 9(z\q): 



l (z-2ilb\e a+lb ) 



= H e-i (a+lb){n+1/2)2+ 



(z-2ilb+iir)(n+l/2) 



nez 



f) b f) 2 



9n(z\e a ). 



This formula is valid everywhere except the zero point, at which we obtain 

= -2iZ60' n (O| e a ) - lb 2 9'l[{0\e a ) + 0{b 3 ), 



b^O 



b^a 



9 11 (~2ilb\e a+lb ) 
9' 11 (0\e a+lb ) 
Note that 9 ( - 2n ^{0\q) = 0. Therefore, we obtain 

OO 



9' 11 (0\e a )-^0'l[(0\e a ) + O(b 2 ) 



(5.8) 

(5.9) 
(5.10) 



i=i 



„., \l - 2ilbd ~ i±d 2 ]9(r + i<p e a )\d - i±d 3 ]9(0 e a ) 
local - 4a e 2dv ±- j—, — 2_J_^ 11 >A 3 J ' — >_ + Aa n 

[l-i^d 2 ]9(r + i(p\e a ) [-2ilbd - lb 2 d 3 6>(0|e Q ) 1 



-1} 



= [keeping only the part independent on b\ 



[local] -Aae 2iltp — \og9{r + itp\c a ) + Aa{l ^ -1} 
oz 



The remaining sum in / can be easily done: 

OO 

J2(e 2Utp - e~ 2Uv ) = icotp, 



(5.11) 



(5.12) 



1=1 



which yields the nonlocal contribution to the Green's function G(r, ip), 



G(r,<p) = -5 z ^(-4 a )Re 



d 

i cot ip— log 9{t + itpl e ' 
oz 



(5.13) 



As we hope, there must be such formulas in the general case enjoying nice properties of modular invariance. 



G 



Exploiting the standard product formula for the function 9n(z\q), 



e u (z\q) = ic{q)[e z / 2 - e~ z / 2 } J[ (1 - q m e z )(l - q m e ~ z ), 



m>0 



we find 



Since 



G(t, p) = -9 z 9j(4a) cottplm 



oo 



(5.14) 



cos ip 



sin ip q m e 2 — 1 



Im • 



c T+am cog ^ 



e 2(r+am) _ 2 e T + am COS Lp + 1 
^ z-\-am 

Re = 

^ e 2+am _ jUj z+am — 1) ' 



(5.15) 



disregarding local contributions, we obtain 



G(r,p) = ad z djRc | — 

oo 

-E 



1 



m — 1 



{e z - l)(e z - 1) 

g z+am 

(e z+am - l)( e ~+ am - 1) + (i 



l)(e< 



1) 



(5.16) 



The differentiation w.r.t. z and z eliminates pure holomorphic and antiholomorphic parts, and the 
remaining parts constitute the single expression 



i 



2 z+am „:„l, 2 z+am ' 



4 ^ sinh^ ^ifS sinh* , 

m— — oo z z 



(5.17) 



This is the Green's function of two Yang-Mills tensor field insertions on torus. At sigularity points, 
it has the proper scaling behavior G(r) ~ 1/r 4 . 



6 Discussion 



For the case of rectangular torus, we have obtained the proper Green's function expression (5.17) 
for the two-point correlator of the Yang-Mills tensor insertions. This demonstrates again that the 
AdS/CFT correspondence holds in our case where no singularity at the AdS time infinity is assumed. 
A more interesting (but far more involved technically) is the problem of verifying this correspondence 
in actual gravitational calculations of a four-point correlation functions. But even concerning the free- 
field theory, there remain questions on the mass spectrum, on the generalization to nonrcctangular 
tori, to higher dimensions, etc. Of special interest is the question whether it is possible to consider filled 
Riemann surfaces of higher genera. The construction works well in this case, but the e-regularized 
surface, or the boundary of the integation domain, cannot be described in the invariant distance 
terms (the structure of the set of closed geodesies becomes very involved already starting from genus 
two); however, we hope that one can obtain a proper answer using an approximation technique. In 
the present calculations, we disregarded all local contributions. However, these contributions can be 
important when considering additional boundary terms in the initial action. It would be interesting to 
check whether the Hamiltonian prescription of [ p"T| holds in this case. These questions deserve further 
investigation. 



7 Acknowledgements 

The author thanks M. A. Olshanetsky for the valuable remark. The work was supported by the 
Russian Foundation for Basic Research (Grant No. 98-01-00327). 



7 



References 

[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231-252 Jhcp-th/9711200| ). 

[2] S. S. Gubse r, I. R. Klcbanov, and A. M. Polyakov, Phys. Lett. B428 (1998) 105-114 (pep- 
th/9802109| ). 



[3] E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253-291 ( |hcp-th/9802"l5C| ). 
[4] W. Mueck and K. S. Vishwanatan, Phys. Rev. D58 (1998) 41901 dhcp-th/9804035[ ); 



Hong Liu and A. A. Tseytlin, 11 On four-point functions in the CFT/AdS correspondence" bep- 



th/9807097; 



D. Z. Frccdman, S. D. Mathur, A. Matusis, and L. Rastclli, " Comments on four-point functions 
in the CFT/AdS correspondence," |hcp-th/9808"006| . 



[5] E. D'Hoker and D. Z. Freedman, "Gauge boson exchange in AdSd+i" hep-th/9809179 



[6] G. Bonelli, 11 Holography and CFT on generic manifolds" hep-th/9810194 
[7] D. Hejhal, Adv. Math. 15 (1975) 133-156. 

[8] W. P. Thurston, "The geometry and topology of 3-manifolds," Princeton notes, 1979. 

[9] A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev, Integrals and Series. Vol. 3. Additional 
Chapters. Nauka, Moscow, 1985 [in Russian]. 

[10] G. E. Arutyunov, S. A. Frolov, and P. B. Medvedev, J. Phys. A: Math. Gen. 30 (1997) 5051-5063. 

[11] G. E. Arutyunov and S. A. Frolov, "On the origin of supergravity boundary terms in the AdS/CFT 
correspondence" bcp-th/9806216 . 



8 



